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ABSTRACT
Let Xl,...,Xn be i.i.d. samples drawn from a d-dimensional distribution

d

with density f. Partition the space R™ into a union of disjoint intervals

x)

{I2 = I(£,X1,...,Xn)} with the form It = {; = (x(l),...,x(d)) - @<,

<b, <=, i= 1,...,df. Define the data-based histogram estimate of f(x)

&
based on this partition as

fn(x) = The number of Xl""’xn falling into Il

+ n times the volume of I for x el £ =1,2,...

QC’ ‘e!

For given constant r > 1 we obtain the sufficient condition for

lim |f (x)-f(x)|rdx = 0. The results give substantial improvements upon
n-den

the existing results.

AMS 1980 subject classifications: Primary 62F10; secondary 62H99.

Key words and phrases: Data-based, density estimator, empirical

distribution, histogram.

IR AN 50y AOEOSOSONON])
oot e e e e W e e 5 O OV AR OO




TR TNy

Unclassified

U T S T T I B W N A U A TN U XL W T oL B e Wiy w e w = = -
A}

N

SECUMITY CLAYSIFIC ATIOM G Tris HAGL (When [lute trisieay)

Ar Yol

+. REPORT DOCUMENTATION PAGE

READ INSTRUCTIONS
HBEFORE COMPLE" TING FORM

. REPORT NUMBER

AL

i .
4. im g i."l SuM!HO)

"

AD41£F944

Almost Sure Lr-Nonn Convergence for Data-Based

2 GOVT ACCESSION NO.| 3. RECIPIENT'S CATALOG NUM‘(R

b

s TYPE OF REPORT & PEH!OD COVERED

Teehmieal Report - Sept 1987

E Histogram Density Estimates . Jeorna|

’... §. PERFORMING OHG. REPQORT NUMUER

v . -

t 7. AUTHOR(s) R .. co%%nzg‘r OR GRANT NUMBER(s)
g L. C. Zhao, P. R. Krishnaiah, and X. R. Chen FA9620-85-C-0008
v. 8. PERFORMING ORGANIZATION NAME AND ADODRESS 10. PR(‘)E AM ELEMENT. PROJECT, TASK

& Center for Multivariate Analysis AREA & WORK UNIT Numeens

T 515 Thackeray Hall GUCIE 9 0.5
. Unjversity of Pittsburgh, Pittsburgh, PA 15260 04 A5

X ", SQNTROLLING QFFICE NAME ANDO ADDRESS 13. REPORT DATE
» A Air Force Office of Scientific Research ~septamiEr 1987 Q0q
R Department of the Air Force 13. NUMBER OF PAGES —

. Bolling Air Force Base, DC 20332 O 26

: 14. MONITORING ACENCY NAME & ADORESS(!! different {rom Controlling Otlice) 18. SECURITY CLASS. (of ihls rpport)

\ Unclassified

a SC\’\\’\\Q/ ¢ \PD \ . [Civa. gé.c‘:gAssnncnuoumo-ucmomd'-"

‘ 16. DISTHIBUTION STATEMENT (of thia Reporr()

. - Approved for public release; distribution unlimited

" “e

by

‘ 7. DtS'I"RlB“TlON STATEMENT (of the abetract entered in Block 20, it dl'llonm {rom Repest)

-' M1 ;tU’;‘Ydll; NERARN *
e ' ’

73 ' b

‘l

r 18 SUPPLEMENTARY NOTES 7 .

4

X //. <

L : : : v

KEY WORDS (Continue un revecse side Hnecesseary and

")cey words and phrases:* Datafbase_d , density estimator, empirical
' distribution, histogram.

tdentity by dlock number)

-

e —— . -
20 ABSTRACT (Cuntinue on reverse side If necessary and identily by dlock number)

FONRM
JAM 73

DD (2% 1473

.‘l‘||l..l". Sagls) h"'n' "‘l“ m :

Unclassified : .
SECURITY CLASSIFICATION OF THIS PAGE (When Dats Entered)

. (g o
()
0"“:'!.-’:“.' l‘t"l‘:'l.:"l‘?'l ?ﬁ h

IR TR A




F‘mwmmmmme(ﬁﬁ
' Unclassified
SECUMITY CLASSIFICATION QF THIS PAGE When Dora Entered)
p)
T oo, 4 .

7 Let )(1.".._';,X'n be i.1.d. samples drawn from a d-gjm%\sional distribution

with density f. Partition the space R‘J into a union of disjoint intervals

“L = I(;.{Xl.:;,,xn)} with the form IL= X = (x(;ll),..l. ,x(i)~: - w<a .:/x(i)

< bﬁ< oy 1= 1,...,d¢. Define the data-based histogram estimate of f(i) -

based on thiis pﬁartition as 1

. PR fn(x) = The number of Xl',..,. ’Xn falling into I: ;o C 4

) + N times~the volume of I!.’ for x € I!;" £=1,2,...

For given constant r > 1 we obtain the suffici-er;t condition for

m ,,’([fn(x)-f(x)|rdx = 0. The results give substantial improvements upon

the existing results. =~ 7 / A

‘ J
) B : : . el
Y [
/ .
o/ I /\ ./'/
/

Unclassified

SECUMI Ty CLASBIPICATION OF THIS PAGE W hen Doia Entsred)
iy w Tl L
IR, VOV LN

. S LA A T P AN RS Al P Ll W D
V'N,'\::E\ R CS A Nty o !
M O A AT DB T T A o

.




AR

W rlle
P N e XY

CYARACRR

e

LS »
o
: ‘F,;.

R AU LS WA LN o KA AN B i

.......

> N AT 1.’».* P PO TR e N Y Y \"x{\ LA -')\.p\.r\.f\-\-"';\.(‘"h".}-‘ \_.\".\ ‘v " \-p. S ™
LS X 'a‘{' 57 . STy Tl Lot ACRLG!

1. INTRODUCTION AND SUMMARY

Suppose that Xl""’xn are i.i.d, samples of a d-dimensional

random vector X. Throughout this paper, we shall denote by F the
distribution of X, f the probability density function of X,

Xn

= (Xl""’xn)’ and Fn the empirical distribution of X",
Let fn z fn(x) z fn(x;Xn) be an estimate of f based on X".

For any constant r > 1, define

m (M) = [IF, (x)-F(x)|Tax. (1)

Here and in the sequel, I means J ds ﬁ:&:
R

mnr

to be called the Lr-nonn of

fn - f, is a much - studied criterion in evaluating the performance of a

density estimator. Quite a number of works have been done on the
problem of convergence (to zero) of m . as the sample size n tends to
infinity. We say that fn is a Lr-norm consistent estimator of f if
m >0 as n - « in some sense.

nr
For the kernel estimator

n
f (x) = (nh)"! b K(h-L(x-x)),

where the kernel is assumed to be a probability density, Devroye [8]

proved that the necessary and sufficient conditions for

n For

wr
Tim mn1 =0, a.s. (2)
1 nad C A ‘

are that hn + 0, nhg + =, Bai and Chen (3] solved the general case of

r > 1, proving that the necessary and sufficient conditions for
- A',’.\l}ﬁbility \'r:g;
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2
Tim myp =0, 2.s. for some r > 1 (3)
)
are that
h, = 0, nh: > o, J%r(x)dx < =», IKr(u)du < =,

In the case of kn—nearest neighbor estimator proposed by Loftsgarden
and Quesenberry [10], Zhao Yue [12] proved that a sufficient condition

for (3) in case of r > 1 is that
kn/n + 0, knllogn - o, j%r(x)dx < (4)
while the first and last in (4), and also that kn + =, are necessary for

the truth of (3) (r > 1).
Another important type of density-estimator is the histogram -
ordinary histogram and data-based histogram. In ordinary histogram,

the partitioning of range space of X,Rd

» is done prior to the drawing
of samples X". For this case, Abou-Jaoude [1], [2] (see also

Devroye and Gy6rfi [9], pp.19-23) obtained the necessary and sufficient
conditions (imposed on the partition) for the truth of (2). Chen and

Zhao [7] solved the general case of r > 1, for the particular partition

Rd = {x = (x(l),...,x(d)):ai + kihn :_x(i) <a, + (ki+1)hn’

-

k'l’.oo’kd

1 <i <d}.

Data-based histcgram differs from the ordinary one in that the
partition of space Rd defining the density estimate depends on the
observations Xn. Thus, after obtaining X", we make a partition of
Rd:

0, = (1(e,x":e = 1,2,...}

- ]

) 1eex™ =Y, 1(3M N 1(k,x™) = when § £ k).
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In this paper we consider only the case that I(K,Xn), £=1,2,...,

d

are intervals in R™ of the form

[al’bl)x[az’bz)x...X[ad,bd}, -~ o<y, < b, < o, 1 <4 < d.

=1 i-— AL
For each x € Rd, denote by In(x) the unique interval in ¢n containing x,

and by x(In(x» the Lebesque measure of In(x). The data-based histogram

estimate fn’ based on the partition ¢n,is defined by

"

£ (x) = F (1 (x)/A(I, (). (5)

For this estimate, the problem of Lr-norm consistency is much more

complicated as compared with the ordinary histogram case. To begin with,

for each positive integer n and positive constant t, denote by Cnt

the number of intervals in o = {I(£,X")} fulfiling the condition

1(2,X" n {x = (x(l),...,x(d)) : Ix(”l <t, 1<i<dl#p

and denote by D(A) the diameter for any set A< Rd. Chen and Rubin
[4] proved that

Tim may = 0, in probability (6)
N—-oo

under three conditions, two of them are:

Tim D(In(x)) = 0, in probability, for x e FP, a.e.\ (7)
[t

lim Cnt/n =0, d=1;

in probability, forany t >0 (8)
lim cnt//ﬁ =0, d>1.
|4 macd

while the third one is of a rather complicated nature. Chen and Zhao

[6] studied the strong consistency for the case of general d, proving

et
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(A

the truth of (2) under the conditions:

d

SAGSAAE RPN Lol |

1im D(1_(x)) = 0, a.s., for x eR, a.e.A (7*)
n
oo
Tim Cntlogn/n =0, a.s., foranyt>0 (8*)
oo

while Chen and Wang [5] obtained analogous result for this problem,
By comparing'(s) and (8*) we see that although in case d > 1 (8*)

is an improvement of (8), but in case d = 1, in achieving strong

Comparing the above two results, we see that in case d > 1 we have
not only made the improvement by establishing a.s. convergence instead of
convergence in probability, but also succeeded in some sense in weakening
the conditions required, since (8*) requires a lower rate of convergence
to zero than (8) - Of course, strictly speaking, (8) and (8*) are
mutually exclusive. 1In case d = 1, in achieving strong consistency, we
pay a price by requiring that Cnt is of the order 0(n/logn) instead of
0(n). Motivated by the works of Devroye [8], Bai and Chen [3] and Chen
and Zhao [7], we expect that the order 0(n) should be sufficient. In
section 3, we shall prove that this is indeed the case:

THEOREM 1, Suppose that fn is defined by (5), then (2) is true
if (7*) and the following condition (9) are both true:

Tim Cnt/n =0, a.s. forany t>290 (9)
o

The general case of r > 1 is considered in section 4. To formulate
our result, for any interval 1 = [al,bl)x...x(ad,bd) belonging to the
min

partition o , write a(1) for lfjfg(bi'ai)’ Also, for any t > 0, write

Qt = {x = (x ,...,x(d)):lx(i)l <t, i =1,...,d}.

e o oy Ry R A
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THEOREM 2. Suppose that fn is defined by (5), then (3) is true

if the following three conditions are satisfied:

[ (x)dx < = (10)
sup{D(I):I € L In Qt #931+0 a.,s. foranyt >0, (11)
n(inf a(I))d + ®,  @.S, (12)

led
n

The basic tool in our argument is an inequality establishing
the exponential bound for the deviation between theoretical and
empirical distributions over a class of partitions of Rd The

3

inequality is of independent interest and is the subject of section 2.

b R e e
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2. AN INEQUALITY

Suppose that u {s a probability measure on Bd - the g- field of
all Borel sets in Rd° Let Xl....Xn,... be i.i.d. random vectors with

a common probability distribution u, and ¥y be the empirical distribu-

tion of Xl,...,Xn.

d
) if A‘].“.., Ak are

We call ¢ = {Al,...,Ak} a partition of R
disjoint intervals of the form

[algbl)x.nox[ad’bd) HEC A -<_a1 < bi im, 1 = l’o.o,d
k d
and k_) A1 = R"., For fixed positive integer k, denote by F = Fk the
i=1

collection of all such partitions, and define

D =D (x") = sup{zA e Qlun(A)-u(A)l t: e F

It can easily be seen that there exists a countable subset{@i, i=1, 2,...}
- !
CF, such that D, = SuP{er¢i|”n(A) - u{A)]: i =1,2,...3, and {2;} is indepen- |

dent of X". This shows that Dn is a random variable. We are now going

to establish the following exponential bound for Dn:

THEOREM A, Given ¢ €(0,1), we have

P(Dn >e) <6 exp(-ne22'9)

when n 3_max(k,1001096/52), and 6%)109(255) < ezz'g(d+l)'1.

In proving the theorem, we borrow some idea from a work of Vapnik
and Chervonenkis [11]. We also note that Theorem A extends a work

of Devroye [8], which we formulate below as a lemma:

k
LEMMA 1 (Devroye [8]) Suppose that Rd = &!{ Ai‘ l\i € éj,

v -~ Fs o W P P TR PP TN 4‘,\4-\.(\
TN A A oty .
L0090 Y Y8 ¥ 3T, W W A v nli y
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i=1,...,k, and A1 n Aj = pwhen i # j. Then for given ¢ > 0

we have
K 2 2
P(izllun(Ai)'"(Ai)| > €} < 3exp(-ne“/25), when k/n < ¢°/20

The following simple fact is also needed in the proof:

LEMMA 2, Let qys Ai’ i=1,...,k, be positive numbers,

Write a = Z§=1 Ajp b= 2§=1xiq We have

io
k A

q

i byb
nn q > (_0
i=1 i - ‘a

and the equality holds if and only if 4y = +ee T Qo
The proof is easy and therefore omitted.

Proof of the Theorenm,

write x(M = (x 2n

X, ), XM= (x * .
n+1,-o., zn 9 - ( 1’--0,X2n)’ un - the

empirical measure of X(n), and
D, (X"s0) = Tacolu, (A)-u(A)]
07 (1M ) = 3yl (M) ()]

8,0CM,0) = Ty, lun ()= (A))]

G

m

Gn(in) = sup{Gn(in,Qf 06 F}

n
: € - L € © *
Since {6 > =} -L-}i=1 16, (0,) > 51D\ _Ji2;0 (0;) > eMUD (o)) < e/2)

and (D_(6.): i = 1,2,...}, {D:(¢i): i =1,2,...} are independent, it is

well known that




----------
..........

8
t -
;Eﬁ Suppose that n satisfies the conditions indicated in Theorem A, then
N

k/n < e2/80. and by Lertmma 1 we have, simultaneously for all x".

s
‘r

*

X, P(Dn(x(n),¢ ) 3_e/2|X")_i 3exp(-ne2/100) <12, i=1,2,..,

X .

& Therefore,  P(D (o,) < e/2, 1 =1,2,..., and
w3 € 1

2 PG, > 5) > 5P(D > ¢) (13)
\::

w2 From (13), it is seen that the proof of Theorem A reduces to the problem
::¢: of finding an upper bound for P(Gn > ¢/2). For this purpose, denote by T
e
133 a permutation (jl,jz,...,jZn) of (1,2,...,2n), so that TN - (le,ij,...,ij'
Ni‘.

(1) (T)*

. Further, denote by M and Yn the empirical measures generated by
S
O
ol (XJ_..._.,XJ ) and (XJ ,..,,Xj ), respectively. Then it is readily
v 1 1 n+l 2n
o™
< seen that
g € - 1 sup (M py - AT e
o P(6, > 3) = JRan Tn)T ; l{¢eF2Ae¢|"n (A) - aip " (A)] > 51dP

- sup (T) €
N UoeFings vy ' (A)-u, (R)| > F}dP (14)
& < JEan TZ%TT ; 1'eFLAcs!¥n 2n L

-

o where the summation £ ts taken over all (2n)! permutations of

mt T
o (1,2,...,2n), and P = y™.

> ! : vl
SN e -."-."s-n. '

Now fix sz, and denote by U the set with elements Xy ceesXope

Each ¢ ¢ F {induces a partition of the set U. Denote by mn(U) the

~ number of different partitions induced by all ¢ ¢ F. WUe have

~ Lk

Y 2n+k-1,d 3n,d (3n)"\d 3en, kd

2 my(0) < B < (I < 3 < e (15)
./-§

w*

b

ol

®

»

N N L it Tl T T o W AT o o B DT L) . Tl AT ) o
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Let F*'r be a subset of F having mn(U) members, such that if
o e F,i=1,2 and o, # 0, then o) and o, induce different partitions

of U, We have

1 s T
Zn)T & I{q,:?c ) l”r(\ )(A)-uZH(A)| > -4‘:-}

T Aed
_ 1 Sup (T) _ €
= 2o IO ) luy T(A) - u, (A)]| > 5}
(2n)] T oefF AZ¢> n 2n 4
1 sup (T) €
= z IC ) |w) " (A)-u, (A)] > =}
(2n)] I oeF* Ag‘b n 2n 4

§¢lul'(\T)(A)'”2n(A)| i’ 'lEI}

I A

1

N Rt

geF* \eN): 1 p
sup 1 . . (T) €

< MW agr zayr £ 1L Tug ' (Nmupp(W] > )

(16)

Fix ¢ = {Al,...,Ak} ¢ F, Denote by Yl’“"Yn a random sample taken from

U without replacement, and {21., i > 1} be a sequence of random samples

taken from U with replacement. Write I;(-) = P(e XZ"), E(.)
= £(- X¢"), and
B = bon(Ap)s Ny = 2B, €= 1, 0k
'f 1 3 'f |3 1(zeen )np, | (17)
V= I( § I(Y.6A )-nP W= I1(Z.€A )-np 17
n T gk e STl Ea T L TSR 1T

Then we have

(18)

ite~13
—t
~~
—<
—
2]
>
)
o
]
o
o~
v
~m
N
—
]
ot
——
-
v
m
3
~
=3
o
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y Now we proceed to show that
E E{exp(tvn)} 5_(4ne1/6n/k)k/zg{exp(twn)} (19)
* for any t > 0, In fact,
E exp(twn)
k
= ! n! n nk -
Z —nr:-:.—nk—r pl 1...Pk exp{t Kzllnz—np[_! 1, (20)

where the summation ¢' is taken over all integer-valued vectors
(nl,..,,nk) satisfying
n; > 0,...,n >0 and zzl n, = n.

In the same way, we have
k
£ _ (N Ny 2ny-1
E{exp(tV)) =z (n1)°"("t)( n) eXP{tzzlln[npzh

| n n k
= Z'C("l”"’"k)ﬁITf{%Tﬂ:T pll...pkk exp{tzzllnz-npzl}. (21)

Here, as usual, we put (;) =0 form > n. Also,

N.!

1 n k r -N3
Clmyoeean) = 220" 3 G 45)

j:l J J )

n' 2nn ( 'N) r N.! n
= —il—74— m (N.IN, ] i (ﬁr:l—TTNT i),
en)t oy 33 T anWyThgt
by where IT is taken over all j's satisfying N. = n. and I1 is taken
(1) b (11)

over all j's satisfying 0 < "j < Nj. Using Stirling's formula

/Zmm n"e™" < n! < /Zm nne-n+l/(12n)




LR
P

’

»
-I

,.

o N
".(".'

L

X

Zion

. Ll W NN
5 5% G S 2
v'?f. v 1,:..'. * b Oy -":

PV A
4 5
P b b N

.'I
¥

.M‘g
a4 »

¢
ol
X
3

LR

11

and the fact that J n; =N, we get

C(n1 ...,nk)

N.-n. =(N,-n_)-1/2
Z'n"l/zen+1/12(Zv)k/zexp(k/IZ Z n. )(;})0‘%r‘l) i
21 J

2-n-1/2( k/Ze(k+1)/12 . N.-n.)-( j'" ) H

2m
) (i)

AT;. (22)

1 and the summation < appearing below, are taken over all
(I11)° (111)

j! tisfyi . - i . = (N,-n, .y Ay, = N, i
j's satisfying 0 ny < NJ Putting q; ( ;5 nJ)/NJ ; NJ in
Lemma 2, we get
apa I r,= T N, <2n,
(1rrr) 3 (1)
k
ba = xia:= ¢ (N.,-n,) = (N;-n.) =
(rry 39 Iy 33 321 3
and
N.-n. N.-n, 2.q.
noJj dyvdi Jg. n J'3 b -n
(III)( Nj ) (111) qj > (b/a)” > 277, (23)
On the other hand,
k k
IR A PRAER AV (24)
j:l J j:l J
By (22) - (24),
Cnpseneany) < 272012 (40012 ¢ (4unyi K212 (25)
and (19) follows from (20), (21) and (25).
Let N be a Poisson random variable, E(N) = n, and N,(Yl, A
N
Z1 22"") are independent, Since izl I(Zi € Az), £=1,...,k, are

-------------- . P ’-',‘.‘

...... o':'n.'v'. \‘.'o a0y " '|’ X o“ a' ¢| S By “ *s ,, AL
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E
' independent Poisson variables with mean npl,a..,npk respectively, it
e
s follows from (19) that for any t >0,
K
k) ~
:E P{Vn > nE/4}
K
o < P{(N-n) > ne/8} + e e/ AE(etVnI(Nn] < nes8))
- = P{|N-n| > ne/8} + e-tneMEetV"E{lN-nl < ne/8)

< PN-n| > nes/8Y + (anel/Onyk)K/ 2 tne/ A Mnp 1N n| < nes8)
" =
Lol
N - -
v = P{IN-n| > ne/8} + (4nel/Bn/k)K/2etNe/ A t¥nr(|Non] < nes8),
15
, From the independence mentioned above and
N tW k N
& e NI(|N-n| < ne/8) < expit } | ) I(ZisAz) N nPI_| + tne/81,
8 271 i=1
: it follows that
-
'\-' -
o PV, > ne/)
L}
. < P{|N-n| > ne/8)
o
e 1/6, . \k/2 K. N
; + (4re”"“n/k) " e - B E{exp(t]| ) I(ZieAI,) - nPK[)}. (26)
! £=1 i=1
o
': Now suppose that V 1is a Poisson variable and EV = A. From
?
A -t t .
4 e +t<e -t for t>0, it follows that
q - - -t (V-
" E(etlv xl) < E{et(v ) . o t(v x)}
y t t t
P~ = exp{i{e -1- t)} + exp{a(e -1+t)} < 2exp{r(e -1-t)}.
So we have

W
N PLIV-r] > e} < E{exp(t|V-r]|-txre)}
‘l
q

Ao 0\ ™ S . " Ch O SOOGS0 Y ]
Pt T PRk Pt B ,'a‘t'l"'l.:::.:'n ?‘a !’- U :".‘ ¢ Q‘!v.‘f'.‘f'.". A " R "\"'ﬁ,“i-“t. "'."l.“:’"."‘_l"':"‘!..“\.‘“l,"l.!"b-
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< 2exp{-tie + A(et-l-t)}.

Take t = log(l+e), we get
PLIV-1] > e} <2exp{r(e-(1+e)log(l+e))}

:_Zexp{-xezl(2+2e)} 5_2exp(-xez/4)

for ee(0,1). Repeat this argument and take t = log(1+¢/8), by (26)

we have

mvn> ne/ 4}

k
g_Zexp(-ne2/256) + (41re1/6n/k)k/ze"tm':/8 n {Zexp(an(et-l—t))}
£=1

k/2 2k

< 2exp(-ne2/256) + (4re*On/k) expin(et-1-t-te/8)}

1/6 k/2

< 2exp(-ne?/256) + (167e'/®n/k)*/%exp(-ne?/256)

< 3(167e'/6n/k)*/2 exp(- ne/256).

From (14) - (18) and (27), it follows that

PG, > e/2} < 3(3en/k)*d(16me’/Cn/k)*/ Zexp(-ne?/256)

= 3 exp(-ne?/256 + kd Tog (3en/k) + £log(16ve’/®n/k)}.
e 1/6 2
Under the conditions of Theorem A, n/k > 16 e/ ~/(9e") and

k(d+1)Tog(3en/k) < ne2/2°. Hence,
PLG, > /2} < 3 exp{-ne’/256 + k(d+1)log(3en/K)}

< 3 exp{-ns2/29}.

From this and (13), Theorem A follows.

» ”
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00K
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(27)
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e
%é- 3. PROOF OF THEOREM 1
a Define
X
\:. ~
':-:: f (x) = Iln(x)f(u)du/x(In(x))° (28)
L4
) It is enough to show that for any t > 0,
L.
b Vim0 - F(x)|dx = 0 a.s (29)
.-':: n-)a) Qt n eJe
- and
N
L .
- Tim ps
i : Hm thlfn(x) - f ()[dx = 0 a.s. (30)
[}
LM
o For any € > 0, we can find a function g(x) > 0 which is continuous
I W -
,l
SS on Rd and has a bounded support, such that I|f—g|dx < ¢. Define
)
- 3n(x) = [ _(ya(udura(1, ).
A
RS
8K Then
g
v _f - f - a -
s thlf Foldx < [If-glaxs [|F, gn|dx+j'Qt|gn g dx
-2 .
B 5_2[|f-g|dx+16t|gn-g|dx
\J_:
o -
s <2c+ Jo |g -g]dx. (31)
2 thl n-9!
o
1y

By (7*), there exists a set Boc(Rd)‘” such that P(B,) = 0 and for

™

o < - - d

;:‘: wh (XI’XZ"“) € B0 we have 11mmm D(In(x)) 0 for x eR", a.e.r, and
W ~

®. in turn it follows that lim g (x) = g(x) for x e Rd, a.e.X.

'2' M n

1,90

,,E: By the dominated convergence theorem,

'53 14

W nlIQ |gn(x)-g(x) dx = 0 a.s., (32)
B t

o and (29) follows from (31) and (32).
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e

\‘:

LS8

;‘.; From (9) it can be shown that there exists a sequence {8,} of
i

) positive numbers such that 11‘mn_m 5, ° 0 and

f\-'

! Tim

W~ =

I o Cnt/[NS,1 =0 a.s.,

-f.'-{

\ ‘ where [ncsn] denotes the integer part of nes, . For any e€(0,1), there exists
.4‘: d\o

E-. > a set BI_E/ZC(R } such that P(B1 E:/2) >1-¢/2 and

AOA -

o Tim

K'n = i

| Mo Cnt/[ndn] 0 uniformly for (XI’XZ"") € Bl-e/Z.
So there exists a positive integer N such that

A\"‘-.’

:::;-: Cnt < [ndn], for n >N and (Xl,Xz,...) € B1 - /2.

Now we recall o= @n(x”) = (1(L,XM), £=1,2,...1 is the

-

* F
PN AR |

R AP
n~n"~‘ PR

partition of Rd which defines the data-based histogram fn‘ It is easy

ey

to see that we can find k < 3 Cht @and ¢ € F such that

{I:Ie@,IﬂQt#ﬂ}={I:Ie<bn,Ithf¢}.

lll}v.l"-.'/ ¥
g BRSNS \ AAAAAXA

_ .
Hence, for (XI’XZ’“’) € 81_8/2’ n>N and k =3 [msn], we have

Jo 1atx) = Flex < 21, 1ng glFp(1) - FIDI

< sSup -
—_ QeFk EA€4>IFn(A) F(A)I ,A___ Dn’ (33)

KT

:% Since k/n = 3d[n5n]/n < 3d6n -0 as n + =, from Theorem A, we have

Y

&

Wy

e 1My =0 aus (34)

’?.', e N T

j-'?; By (33) and (34), there exists a set B C(Rd)” such that B, B

".,' 1"6 1‘6 1'5/2,
.

5 P(B,_.) > 1 -¢ and

S

P

e

.\.

@

(WY

?

v
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N l-¢.

v 1i P .
f m thlfn(x) - f,(x)dx =0 uniformly for (X, ,X,,...) € B

Since e >0 1is arbitrarily given, (30) is proved, and the proof of

I:-
. v,

Theorem 1 is completed.
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4, PROOF OF THEOREM 2

,,_4 .
B L
i —XaNth

Define ?n(x) as before by (28). Find a nonnegative function g,

F 3y}
L

P A

continuous everywhere on Rd and with a bounded support, such that

J{f-g|rdx <. Put
5,00 = J_atuldu/ar (x)).

n

k4

- o .
-

LAY

Then

(Ilf-FnlrdX)l/rf_ (Ilf_glrdx)l/r + (J|%n_§n|rdx)1/r + (J'lan_glrdx)l/r

-
te¥ v
TR

< 2(f1f-g )" + (19,91 ") /T

~ 1
<2 + (Ilgn-glrdX)"/r- (35)
By (11), for any x e Rd, we have

AR ™Y

;,
LY

D(In(x)) +~ 0 a.s.

Py
-

-J o2}

.- There exists a set Boc::(Rd) such that P(By) = 0 and for

B :

-

2: w = (Xl’XZ"") E’BO we have 1imn+mD(In(x)) =0 forxe Rd, a.e.h,

7) -

e and in turn it follows that 1imn*agn(x) = g(x) for x € Rd, a.e.\, By
o

;m» the dominated convergence theorem,

a0 lim ¢,z r -

L Moo I|gn-g| dx =0 for we BO' (36)
! By (35) and (36), we have

' 1im - _

® oo If(x)-fn(x)|dx =0 a.s. (37)
»

o Now we proceed to prove that

Ca

" - -

¥4 [1fpflfax = 1 [F(L) - FU)"A)™ w0, as.  (38)

' I e

2 £%%n

P

>

>

o
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Put H = 1nf1e¢ a(I). Since an +» a,s., it can be shown that there

n

. . d,.d _ ,
exists a sequence Cn + » such that 11mn+®nH /Cn =« a,s.. Without

1/d

loss of generality, we can assume that Cg/n +~ 0. Take h = hn = Cn/n ,

then hn

d
+ 0, nhn + » and H/hn + o, 4a,s,

Construct a partition of Rd into disjoint finite intervals, say

n

Define

and

]
y = {Al,Az,...}, where a,S are all cubes with the same edge length h,

- d -
gn(x) = Fn(Am)/h for x e Bps M 1,2,...
~ _ d -
gn(x) = F(Am)/h for x € s M= 1,2,...

By the theorem of [7],

lim [1g,(0-F(x)|Tax = 0. a.s.

N->co

An argument similar to that leading to (37) gives

1 {12 (x)-F(x)]"dx = 0,

So we have

For 1

2

write

Jle -2, 001 ax = T 1F (8 )-F(a )|T/(h%) ™!

ALY,
+0 a,s. as N - =, (39)
€0 s denote by le,""Hdz the lengths of the edges of Iz, and

=
1}

p = M A €Y, A =1l

=
"

? m: Am € “Vna Am n Iz t 9, Am\IK t 9. (40)
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- Since H/h » = a.s., we can find B,(RY)” such that P(B,) = 0
. and H/h > = for we B,. In the sequel we always keep w € B,.
.

; Thus, for n large, Hip > 2h for all i and £. We have

N d d

My

‘o and

\'. - d d

o i=1 i=1

N -4, ¢ d

: < A(Iz)h {_§1(1+2h/Hi£) - T (1-2h/Hi£)}

‘s 1= i=1

\

¢ <A Y nm? - (1-2n/m))

< WO, (42)
f; where
{

b c(d) = 29(29"141).

o

1§ Now, by (41) and (39) we have
L/

s r r-1

b ] |F,,<z L@ - F( ) 17701,

& IKGQH meMz nghﬂ /
P 1 1

- - -

\ < L GMNTT TR ) - BT

N I£e¢ me

n £

‘T

" < T OIF () - Fa )7 L0, aus. (43)
1 - ey m
o Am n
K On the other hand, by (42) we have

" ~ N ) r r-1
u oo b L IF (Lo (T,a)) - FOE (Ta DIT/a(T)

) n= n' = ' fm £°m £

s Ize°n meMZ meMz
I
N Y -1 r r-1

< T MM TR (1, ) - F(I,a )| "/a(1,)

L . K
&

.

Lol
RV -

ST v %

0 e e N A N Y L
Y v, .l}‘!l'.h N, "

, e . s N gy ~ P N N 3] ; ® U
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i

v -1,r-1 r, .dyr-1

- < (hC(d)H™) L IF (Tpa ) = F(I,a )] /(h) 7. (44)

A, - I g@ %eM A Tl

h £ °n 2

:: For each A € ¥ define

’ N, = e Ize L3 Izﬂamfﬂ} (45)

Since Hi > 2h for all i and ¢, for any m the set

£

Nm contains at most 2d elements. By (44),

- -1 ¢ r, .dyr-1
op < (C(d)h/H) Amé% &szan(IﬁAm) - F(T,8)17/(h)"
< (/M™Y T AR HE ()T + F(a )/ (hh)

n'm
b4
Amen

< 2% he(@nm ™t 1 2" HE (a)-Fla) 1T/

A €Y
m n

2 o™ T @R )™
A €Y
m

n
don1 *en, (46)
By (43),
Tim ~  _
neo °nl 0 a.s. (47)
By Jensen's inequality,
- -d r.d
OV LD S [l AR JCO A
Am€‘¥n Amewn m )
< JA f'(x)dx = Jfr(x)dx,
A €Y m
mon
which implies that
Tim ~ -
me %n2 = 0 .S, (48)

............................ ..".;I'-"""""'-""‘-“‘f‘f‘
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From (46) - (48), we obtain

-~

19m -
now Pp = 0 a.s. (49)

By (43) and (49), we have

fIe () - F (x)]"ax = LRI - F(1,) | /AT,
£7°n

5_2r'1(on+;n) + 0 a.s,.

Thus, (38) is proved, and Theorem 2 follows from (37) and (38).

B e
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